A simple ansatz is considered for the scalar field dependence of the part of the fourgraviton scattering amplitude in type IIB superstring theory in AdS 5 × S 5 that comes from the (Weyl tensor) 4 term. This incorporates SL(2, Z Z) duality at every order of the 
N ) −1 (where g Y M is the Yang-Mills coupling constant) may be present in the complete expression.
Introduction
The conjectured equivalence of type IIB superstring theory in AdS 5 ×S 5 to the boundary N = 4 supersymmetric SU (N ) Yang-Mills conformal field theory has been tested by a variety of calculations at leading order in the large-N limit and at large values of the 't Hooft coupling, λ = g is the Yang-Mills coupling constant. This paper considers features of the equivalence that might apply at all orders in the 1/N expansion and give some hints about its nonperturbative completion. What follows is speculative! It is motivated by general considerations of SL(2, Z Z) duality and by the detailed correspondence between known properties of D-instanton effects in IIB string theory and calculable Yang-Mills instanton effects in N = 4 supersymmetric Yang-Mills theory.
Clearly, the ideal way of developing the AdS/CFT correspondence beyond the limited region in which it has so far been studied would be to explicitly quantize superstring theory in an AdS 5 × S 5 background. Unfortunately, this is a daunting problem, even at tree level -in part because of the presence of a nonzero condensate of R ⊗ R background fields associated with the nonzero F 5 flux. In the absence of an explicit construction of string amplitudes most concrete calculations have made use of low order terms in the expansion of the effective supergravity action in powers of the dimensionless parameter α ′ /L 2 where L is the size of the AdS 5 (and S 5 ) background and α ′ 1/2 is the string distance scale. The input in the following will be a combination of constraints that follow from the SL(2, Z Z) duality symmetry of type IIB superstring theory in AdS 5 × S 5 and its image as MontonenOlive duality of N = 4 supersymmetric Yang-Mills theory on the boundary of the space, together with general features of the large-N expansion. The main features that will be discussed in sections 2-4 are properties that are based on an ansatz for the scalar field dependence of a particular 'protected' contribution to the four-graviton scattering amplitude in type IIB string theory in the AdS 5 × S 5 background that might be valid to all orders in the α ′ /L 2 expansion. This translates into an explicit expression for the coupling constant dependence of a corresponding contribution to the correlation function of four energy-momentum tensors in the boundary N = 4 SU (N ) Yang-Mills theory that would hold to all orders in the 1/N expansion. The last part of the paper (sections 5 and 6) will consider the convergence properties of this series and give evidence for effects that are nonperturbative in α ′ /L 2 (or 1/4πλ).
Overview
According to the AdS/CFT correspondence [1, 2, 3] the amplitudes of the bulk superstring theory in the AdS 5 × S 5 background with fields propagating to specified values at points on the boundary are equivalent to correlation functions of composite operators in the boundary Yang-Mills theory. The boundary values of the bulk fields are interpreted as sources coupling to the operators in the Yang-Mills theory. The parameters of the string theory -the dimensionless AdS 5 × S 5 scale L 2 /α ′ , the R ⊗ R scalar field, C (0) , and the coupling constant g = e φ = τ
−1 2
-are related to those of the Yang-Mills theory with gauge group SU (N ) by
where g Y M is the Yang-Mills coupling and θ is the constant axionic angle. This means that the constant value of the complex coupling constant, τ ≡ τ 1 + iτ 2 = C (0) + ie −φ , in the AdS 5 × S 5 background is identified with the complex Yang-Mills coupling,
In the following, τ will always be assumed to be equal to this constant value. The arguments that follow will exploit special features of certain supergravity interactions that are 'protected' by supersymmetry. We will be particularly concerned with the part of the correlation of four energy-momentum tensors in the Yang-Mills theory that is related by the AdS/CFT correspondence to a protected component of the fourgraviton amplitude in the AdS 5 × S 5 string theory. This is the part of the amplitude that comes from the linearization of a particular contraction of four Weyl tensors, R 4 . The term of this form of lowest order in α ′ in the IIB effective action is the well-known term,
, where G (10) is the determinant of the AdS 5 × S 5 metric and the coefficient f (0,0) (τ,τ) is a modular invariant function of the complex scalar field, τ (see [4] for further information and for notational details). This gives rise to a four-graviton amplitude of the form α
where A 4 contains the kinematic factor that folllows from the contraction of the linearized Weyl tensors in R 4 . More generally, in the following we will denote the complete four-graviton scattering amplitude with specified data on the boundary of AdS 5 × S 5 (in the string frame) by
where the coefficient H s is a function of the scalar fields and the scale of the background. The symbol A 4 will also be used in the following as a shorthand way of representing the corresponding 'protected' part of the correlation function of four energy-momentum tensors in the boundary Yang-Mills theory. The function H s will be expanded in powers of α ′ /L 2 at fixed g,
where the possibility has been indicated of terms that are nonperturbative in α ′ /L 2 . In writing (1.4) it has been assumed, for reasons that will become apparent later, that only odd powers of α ′ arise (which means that the Yang-Mills theory expansion is in integer inverse powers of N for fixed g Y M ). The coefficient functions H s l (τ,τ) must be invariant under the SL(2, Z Z) duality of type IIB string theory in AdS 5 × S 5 which is inherited from the theory in flat space and is linked via the AdS/CFT correspondence to Montonen-Olive duality of the boundary Yang-Mills theory. This requires that H [5, 6, 7 ] that can be derived as a consequence of supersymmetry [8] . Although H s 1 has a highly nontrivial dependence on the scalar field τ it has the form of a simple Eisenstein series that can be obtained by acting on the tree level contribution ζ(3)τ 3/2 2 with the elements of SL(2, Z) that map the semi-infinite rectangle, − 1 2 ≤ τ 1 ≤ 1 2 , τ 2 > 0, into itself. An overview of properties of H s 1 and its image in the boundary Yang-Mills theory will be given in section 2, where it will be expressed as a Fourier series of the form H
The zero mode F 1 0 (τ 2 ) contains string tree-level and one-loop contributions while the nonzero modes define an infinite series of D-instanton terms. Of particular interest will be the correspondence between these D-instanton contributions and the contribution of instantons in the large-N Yang-Mills theory. The contribution of K instantons (or anti instantons) has been explicitly evaluated by use of the ADHM construction in the large-N limit and at leading order in g Y M [9, 10] . In this limit the dominant contribution comes from the region of K-instanton moduli space in which the instantons are in mutually commuting SU (2) subgroups of SU (N ) and are coincident and of the same scale. This matches perfectly with the expression predicted from the AdS/CFT correspondence [11, 12] . Of particular note for later sections of this paper is the fact that the leading contribution to the single (K = 1) instanton contribution in the SU (N ) Yang-Mills theory is known exactly for all values of N [13] .
In section 3 some arguments will be presented concerning the possible form of the general term at order (α
, is constrained by the fact that it must be invariant under SL(2, Z Z) and its large-τ 2 expansion must satisfy the condition that its power-behaved terms correspond to powers of τ 2 that can arise in perturbation theory. Although these conditions do not by themselves completely determine H s , they are obviously very constraining. They suggest that the general term, H s l , could be a simple generalization of the lowest order Eisenstein series. Thus, we will consider the possibility that H s l (l > 1) is given by acting on the o(α ′ 2l−3 ) tree-level terms by the elements of SL(2, Z Z) that map the semi-infinite rectangle into itself. This motivates the ansatz H
where f (0,0) l is a nonholomorphic Eisenstein series (actually, an Epstein zeta function) that is defined in section 3.1. Only the terms with odd powers of α ′ give sensible contributions. Clearly, if this suggestion is correct it should be possible to derive it from the constraints of supersymmetry in the AdS 5 × S 5 background by an extension of the arguments used for the l = 1 case [8] .
In the absence of such a proof we will obtain further support for the expression (1.5) by considering particular classes of higher derivative contributions to the ten-dimensional IIB effective action. We are particularly interested in the conjectured terms in [14, 15] since they contribute to the interaction lagrangian R 4 that generates the four-graviton amplitude (1.3) in the AdS 5 × S 5 background. The scalar field dependence of these conjectured terms enters via precisely the same Eisenstein series' as (1.5). Of course, there are many other possible contributions to the R 4 interaction about which we know nothing, possibly including many terms that do not originate from local interactions in ten dimensions. Section 4 is concerned with the interpretation in the boundary Yang-Mills theory of the supergravity amplitude suggested in section 3. In the 't Hooft expansion of large-N Yang-Mills [16] it is natural to choose N , λ = gN (with g = g
/4π) and θ as the independent parameters. In order to emphasize which variables are taken to be independent we will define the coupling-dependent coefficient of the Yang-Mills correlation function as
Combining this with (1.4) and (1.5) gives an explicit large-N expansion with fixed λ of the correlation function of four energy-momentum tensors in terms of the unknown coefficients c l . This will turn out to be an expansion in integer powers of 1/N 2 as expected from [16] (whereas the expansion with fixed g is in integer powers of 1/N ). The leading (tree-level) string theory terms are independent of the string coupling constant (apart from an overall factor of g −2 ) and translate into the leading (order N 0 ) terms in the large-N limit of Yang-Mills theory, which form an infinite series of inverse powers of λ. However, at order ). We will suggest that this relation is replaced by a SL(2, Z Z)-covariant generalization in the complete theory, which takes the form of a Laplace equation for the complete series.
Up to this point the coefficients c l of the terms in the α ′ /L 2 expansion (1.4) are undetermined. However, the values of these coefficients are easily extracted by comparing the exactly known N -dependence of the single instanton contribution in the SU (N ) YangMills theory [13] with the one-instanton contribution to H Y M . In section 5 we will see that the large-order behaviour of these coefficients is such that while the leading one-instanton contribution to the four-graviton amplitude is well defined by the 1/N expansion, the complete series is not. For example, the large-order behaviour of the relative coefficients in the α ′ /L 2 series renders the sum of tree contributions badly divergent. In fact, the series is not Borel summable which suggests that missing nonperturbative effects must be taken into account in order to understand the relation between the weak and strong coupling limits [17, 18, 19] . We will see that the presence of this divergence is in accord with various pieces of intuition. For example, we will see evidence of the qualitative change in the nature of the instanton contribution when K (the instanton number) is of the same order of magnitude as N . That such a change is inevitable is evident from the fact that when |K| > N/2 it is impossible to fit all the instantons into commuting SU (2) subgroups of SU (N ).
This non Borel summability is reminiscent of divergences in the sum of perturbation series in Yang-Mills field theory and in string perturbation theory. These are sometimes (but not always) associated with the presence of instantons. For example, the divergent sum of perturbative string theory suggested the presence of instanton effects [20, 21] , that were later associated with D-branes [22] . In the present case, the divergence of the sum of tree diagrams indicates that effects of the form e
present in the nonperturbative completion of the amplitude. There is no obvious geometric origin for such a contribution which is puzzling since it looks as though it ought to be associated with some sort of instanton. In addition, the divergence in the sum of contributions to the charge-K instanton terms suggests a non-perturbative effect that behaves as e
2 in the sector with nonzero instanton number K << N (while the usual Yang-Mills instanton effects behave as e
The leading term in the α ′ expansion of H s in the IIB effective action is known to contribute 1
to the IIB effective action where [5] 
which is the SL(2, Z Z)-invariant function called f (0,0) (τ,τ) in the introduction and in [4] . It
can be generated in the simplest imaginable manner by applying SL(2, Z Z) transformations to the tree-level contribution,
where
so that γ represents the elements of SL(2, Z Z) that map the fundamental domain into the semi-infinite rectangle
There are many other processes of the same order in α ′ that are related to the R 4 term by linearized supersymmetry about flat space [23, 24] . The dependence on the scalar fields in such terms is determined by a modular form f
, where the superscripts (w, −w) refer to the holomorphic and antiholomorphic SL(2, Z Z) weights, respectively. Such a form transforms with a phase under SL(2, Z Z) transformations, f
where the covariant derivative acting on (w, −w) forms is defined by
The presence of all of these terms can be motivated by various duality relationships between M theory and string theory [5, 6, 7] but they are also known to be determined by the full nonlinear supersymmetry, as demonstrated in [8] . There it was shown that modular invariance of type IIB supergravity together with supersymmetry uniquely fixes the form of these protected interactions at order α ′ −1 .
The Fourier expansion of f
has the form According to the AdS/CFT correspondence it is natural to expect that the effects of D-instantons in the string theory are seen in the boundary Yang-Mills theory as effects of Yang-Mills instantons [11] . Recall [12] that a classical D-instanton solution of euclidean IIB supergravity located at a position (x µ 0 , ρ 0 ) (µ = 0, 1, 2, 3) in AdS 5 (and at an arbitrary position on the five-sphere) is a configuration in which e φ = τ −1 2 has a profile on the boundary at (x µ , ρ = 0) that is identical to the self-dual field strength, (F − µν ) 2 , of a Yang-Mills instanton of scale size ρ 0 located at x µ 0 in the four-dimensional boundary conformal field theory. The correspondence between bulk and boundary instanton effects is made precise by comparing the effects of D-instantons in the protected supergravity amplitudes with the Yang-Mills instanton effects in the corresponding correlation functions of superconformal currents in the boundary theory. At first sight it is rather surprising that the form of the correlation functions agree (to leading order in the Yang-Mills coupling) even in the case of a single instanton in the SU (2) theory [12] . However, the contribution of a single Yang-Mills instanton in SU (N ) N = 4 Yang-Mills theory to the protected processes has been obtained [13] and the N -dependence results in a multiplicative factor proportional to
which behaves as N 1/2 in the large-N limit (using Stirling's approximation for the large-N behaviour of the Γ functions), which is in accord with the AdS/CFT conjecture since the protected terms are of order 1/α ′ . Even more suggestively, the K-instanton contribution to any protected correlation function of the Yang-Mills theory in [9, 10] agrees exactly with the leading term in the contribution of K D-instantons in type IIB superstring theory. This agreement presumably follows from the very restrictive constraints of supersymmetry so it might be possible to generalize the arguments in [8] to N = 4 Yang-Mills theory and thus to determine the Yang-Mills correlation functions exactly at order N 1/2 .
Several features of these multi-instanton contributions are worth noting. The region of the K D-instanton moduli space that dominates the protected bulk processes is one in which there is a single charge-K D-instanton spanning AdS 5 × S 5 rather than separate D-instantons with lower charges. This is a consequence of the fact that the protected processes are ones in which exactly sixteen fermionic zero modes are soaked up by the external sources. Using the AdS/CFT correspondence this is understood as follows. A single instanton in SU (2) N = 4 supersymmetric Yang-Mills theory has sixteen fermionic zero modes, which is equal to the number of broken superconformal symmetries. When embedded in SU (N ) there are apparently extra fermionic zero modes, but only sixteen of these are protected by supersymmetry against perturbative corrections. The result is that in the quantum theory the effective number of fermionic zero modes is still sixteen, independent of N . Furthermore, the fact that the protected processes soak up precisely sixteen fermionic zero modes forces the dominant contribution of K Yang-Mills instantons to these processes in the large-N limit to come from the region of moduli space in which there are K coincident instantons, all of which are of equal scale, which are embedded in commuting SU (2) subgroups of SU (N ) [9, 10] . The measure contains a factor of g
independent of N and K. The classical moduli space for K coincident Yang-Mills instantons of equal scale is AdS 5 . However, an extra factor of S 5 in the moduli space arises from a saddle point evaluation of the integration over the fluctuating fermionic fields in the K-instanton background in the large-N limit [9, 10] . This description therefore agrees with the expectation that follows from the bulk superstring description. However, it depends crucially on the N → ∞ limit. For finite N such configurations may continue to dominate for |K| << N but when |K| ∼ N/2 it is not possible to fit the instantons into commuting subgroups of SU (N ) and a qualitative change in the correspondence must arise.
The explicit comparison of the Yang-Mills K-instanton results with the supergravity predictions has been carried out only to leading order in g (and to leading order in 1/N in the N → ∞ limit). However, the superconformal Yang-Mills theory is expected to exhibit Montonen-Olive duality, so all correlation functions must be invariant under appropriate SL(2, Z) transformations. Given that the infinite number of leading YangMills instanton terms agree with the expectations based on the AdS/CFT correspondence there seems little doubt that SL(2, Z) will fix the modular function at order (α
to be precisely that predicted in [11] . However, the full expression for f (0,0) 1 includes the power behaved terms of the zero instanton sector that are singular in the weak coupling limit and, at the very least, these terms cannot be determined by perturbative methods.
Higher order terms in the α
′ /L 2 series
A simple SL(2, Z Z)-invariant ansatz
We shall now contemplate the dependence of the protected component of the fourgraviton amplitude on the scalar field at higher orders in α ′ /L 2 . In the absence of a complete understanding of IIB string theory in AdS 5 × S 5 we will investigate a particular expression for H s l motivated by symmetry considerations. The possible form of H s l (τ,τ) is restricted by the fact that it has to be a modular function that satisfies boundary conditions that make it consistent with perturbative string theory. In other words, in the limit τ 2 → ∞, it must not only be power bounded but the terms that are powers of τ 2 must not be more singular than the tree-level terms and the series must be an expansion in integer powers of g 2 = τ −2
2 . These conditions do not by themselves determine H s l uniquely 2 but in order to proceed further we will investigate the simple possibility that H s l
is an Epstein zeta function (which is a nonholomorphic Eisenstein series) which satisfies all of them and is the most obvious generalization of the l = 1 case considered earlier. Just as in the l = 1 case, we will assume that H s l is generated from the lth tree-level contribution in the simplest possible manner by summing over all images of the tree-level term, τ 
2
, under the elements of SL(2, Z Z) that map the semi-infinite strip, −
The explicit form of the modular function f (0,0) l is given by the double sum
A combination that will prove to be of direct interest is
exp(−πY t). The instanton contributions to the function f (0,0) l are extracted by considering the Fourier expansion, f
and
with
The modified Bessel function K l has the integral representation
and the asymptotic expansion for large z,
(3.10) Substituting this expansion in (3.5)-(3.7) gives the large-τ 2 (weak coupling) expansion The expression (3.11) can be obtained from (3.2) as follows. The tree-level contribution (the first term on the right-hand side of (3.6)) comes from the sum over m with n = 0. The other terms are obtained from the terms in (3.2) with n = 0 after a Poisson summation which replaces m by the conjugate integerm. The second power-behaved term on the right-hand side of (3.6) comes from the sum over n = 0 withm = 0 and corresponds to a perturbative string theory term that arises at l loops. The terms in F 
In fact, f (0,0) l is the unique SL(2, Z Z)-invariant solution of this equation that is power bounded in the τ 2 → ∞ limit. In the case l = 1 this equation was proved to follow as a consequence of supersymmetry around flat space [8] . It would be very interesting if this generalized in the AdS 5 × S 5 background so that H s l could be proved to satisfy (3.12) for all values of l > 0 since this would provide a derivation of the ansatz (3.1). The set of eigenvalue equations (3.12) is summarized by the heat equation,
Effective type IIB action at higher orders in
In partial support of the identificaton (3.1) we shall now consider how higher powers of α ′ /L 2 in the four-graviton amplitude can arise from the presence of higher derivative terms in the IIB effective action. We are interested in terms that contain a contribution of the generic form, 
while the complex scalar field τ is constant.
The background values of all other fields, including the antisymmetric three-form field strengths vanish (G = 0 = G * , where G is a complex linear combination of the R ⊗ R and N S ⊗ N S antisymmetric tensor field strengths). This solution is one which describes a configuration in which there are N units of quantized five-form flux, which can be associated with a superposition of N D3-branes in the large-N limit. Changing the value of N is equivalent to changing the AdS scale,
Specific examples of such higher-derivative terms have been suggested in some fairly well-motivated conjectures 3 . For example in [14, 15] it was suggested that there is an infinite series of terms in the effective action of the form (in Einstein frame) 4 ,
The coefficients c l,l are undetermined constants that define the relative weights of the different terms in the sum. The more general modular forms in (3.17) are given by
Since G = 0 = G * in the AdS 5 × S 5 background the only terms in (3.17) which contribute to the R 4 term in this background are those containing powers of F 4 5 . This means that we can setl = p = 0, c l,0 ≡ c l , so the terms of relevance are of the form (in string frame)
where the explicit powers of the exponential of the dilaton come from the transformation from Einstein frame to string frame. Substituting the τ 2 → ∞ expansion of f (0,0) l (τ,τ ) (3.11) into (3.19) gives the weak coupling expansion of the F 4l−4 5 R 4 terms. For example, the leading contribution is the expression, 20) which has the appropriate dilaton dependence for a tree-level term (recalling that a R ⊗ R field has has an extra power of e φ associated with it compared to a N S ⊗ N S field). Substituting the solution (3.16) for F 5 into (3.19) gives an infinite series of contributions to the R 4 interaction term in the AdS 5 × S 5 background
21) where the IIB string theory parameters have been replaced by Yang-Mills parameters using (1.1) on the right-hand side. The right-hand side generates a four-graviton amplitude of the form (1.3) with H s given by (1.4) and H s l given by (1.5). Of course, these arguments do not prove the correctness of the ansatz (1.5) even if the conjectures in [14, 15] are true since it is extremely likely that the effective action also contains many other local higher-derivative terms involving a R 4 factor, in which higher powers of the Riemann curvature also occur. The generic form of the Lagrangian density of these terms is P(R, F 5 ) R 4 , where the prefactor P is a tensor function of the fields with indices that may contract into the indices on the curvature tensors in R 4 . However, all that is of interest to us are terms that give a nonzero coefficient of R 4 in the AdS 5 × S 5 background. In other words, P can be considered to be a function only of F 5 and R (the Riemann or Ricci tensor) but not of R (the curvature scalar) or other fields with vanishing background values. Furthermore, each power of the curvature is dimensionally equivalent to two powers of F 5 in the derivative expansion. An example of a structure that is plausibly present is In addition to the above contributions to the R 4 interaction there could well be terms in the α ′ expansion of the five-dimensional action that do not originate from local interactions in the ten-dimensional theory 5 . Our ansatz (3.1) supposes that these are also proportional to f (0,0) l .
General comments on the large-N expansion
In the usual perturbative description of Yang-Mills theory in the large-N limit [16] it is 5 I am grateful to Ofer Aharony for discussions on this issue.
natural to take the combination λ = gN as the independent coupling constant. Holding λ fixed, the expansion of the correlation function of four super Yang-Mills energy-momentum tensors is a power series in 1/N 2 of the form,
The ellipsis includes the exponentially suppressed Yang-Mills instanton terms of the form e −2π|K| N λ +iKθ , which contain the complete dependence on θ, as well as other possible terms. The expansion (4.1) is the standard 't Hooft expansion that is motivated by weakly coupled perturbation theory. It is not at all obvious that the same form also holds at large λ but we will see that, given the ansatz (1.4), an expansion of this form is valid at all values of gN . It also gives a well-defined expansion of H Y M in powers of 1/N when g is fixed and N → ∞.
In the weak 't Hooft coupling regime, λ << 1, the functions H is given at weak coupling by the power series in (4.2) but at strong coupling by the series in (4.3) it is clear that these series must diverge, at least for some value of λ. In fact, in the next section we will determine the relative coefficients s where the equality follows from a Poisson resummation. The left-hand side has the strong coupling approximation, λ k−1/2 − (2k + 1)λ l−1/2 e −πλ + o(e −4πλ ), while the weak coupling approximation follows from the right-hand side and is given by λ 2k − (2k + 1)λ 2k e −π/λ + o(e −4π/λ ). In addition to the terms that are power behaved in in 1/N 2 in (4.1), the nonperturbative D-instanton effects generate the dependence on θ (or τ 1 ) that is crucial for the SL(2, Z Z) duality of the theory and will play a key role in determining coefficients in the following section.
To get a feeling for the constraints imposed by SL(2, Z Z) let us consider first the sum of the leading terms in the 1/N expansion,
is a function only of λ and so it satisfies,
This is true at leading order in the 1/N expansion whatever the value of λ, so it is true both in the perturbative limit of small λ and in the strongly coupled limit of large λ. However, the complete expression for the correlation function must satisfy the constraints of modular invariance which require a nontrivial dependence on g = 4πg = 4πλ/N , so that the condition (4.8) should be replaced by a modular covariant expression. The covariant derivative (2.6) maps one modular form onto another of different weight, so in order to get a relation involving only the scalar function H Y M we shall first iterate (2.6) to get the second order equation,
Now, replacing the ordinary derivative with respect to g = τ
by the modular covariant derivative (2.6) gives a covariant generalization of this equation,
where ∇ 2 is the SL(2, Z)-invariant laplacian defined on the upper half τ plane,
This is the equation that the complete expression (4.1) satisfies term by term in the α ′ /L 2 = (4πλ) −1 expansion. Equation (4.10) only applies in the approximation that the N -dependence can be treated as if N is continuous. Furthermore, it does not fix the relative coefficients of the terms H s l that arise in the expansion (1.4). In order to take finite N effects into account the continuous derivatives with respect to N in (4.11) should be replaced by some sort of finite difference operators. An appropriate finite-N definition of the Laplace operator should lead to a generalization of (4.10) that determines the complete function H s , thereby fixing the coefficients in the α ′ /L 2 expansion and determining the nonperturbative completion. Precisely how this works is an interesting question in SU (N ) Yang-Mills theory at finite N that should be related to the renormalization group approach to matrix models [27] . In the absence of any such understanding we will now invoke a more modest strategy for determining the coefficients.
Nonsummability and nonperturbative effects

General considerations concerning convergence
If the series expansion in powers of α ′ /L 2 (or λ −1 ) with fixed g converged it could define the exact expression function H s . However, we have already seen that even the tree-level series (4.3) is unlikely to converge. In fact, we will argue within the context of our ansatz that neither the full series nor the tree-level series are Borel summable. For example, the tree level contribution, obtained by substituting the expansion of f 
which ignores the possible nonperturbative contributions in R 1 . The convergence properties of this sum depend crucially on the behaviour of the coefficients c l in (1.4). We will see in 5.2 that these coefficients are such that this series diverges so that the additional terms in R 1 that are nonperturbative in α ′ 2 /L 4 = (4πλ) −1 are needed to give a sensible definition of H s . The nonleading power-behaved term in f (0,0) l (see (3.11)) corresponds to a l-loop correction to the protected four-graviton amplitude. Substituting this into (1.3) gives the sum, 
where µ(K, l) is defined in (3.8) and only the leading term has been shown explicitly. We will soon compare this in the case K = 1 with the exact expression for the leading term in the one-instanton sector of SU (N ) Yang-Mills and thereby determine the coefficients c l . To get a feel for the properties of this series consider the special case with K a prime number. In this case µ(K, l) = 1 + 1/K 2l ∼ 1 for large K. The essential K-dependence is then obtained by replacing N −1 in the one-instanton expression (2.8) by the ratio r ≡ |K|/N . But we see that the expression is singular when r = 2. This means that for values of |K| that are of order N the α ′ expansion fails. Recall that the D-instanton correspondence works in the region of Yang-Mills instanton moduli space in which K Yang-Mills instantons are embedded in commuting SU (2) subgroups of SU (N ). Obviously, a qualitative change is needed in the correspondence when |K| ∼ N/2 and the singularity of (2.8) may be interpreted as evidence that nonperturbative terms become important at this point. This effect is closely related to the nonsummability of the α ′ expansion.
The coefficients and properties of sum
In [13] it was shown that the leading contribution to the exact one-instanton term is proportional to ignoring an overall normalization. This expression for c l makes the issue of Borel summability of the series that defines H s l (1.4) particularly easy to study. Following usual procedure [17, 18, 19] we can define the Borel transform of H s by,
which is designed so that the factor of Γ(l + 1/2) in the denominator cancels a similar factor in c l . The resultant expression for H s BOREL is a convergent series so long as 8) which is satisfied for sufficiently large N . The original function can be reconstructed (at least formally) by the inverse Borel transform
If the integrand is nonsingular in the region 0 ≤t ≤ ∞ the series is Borel summable. The presence of a singularity in H s BOREL at a value of t in its domain of integration indicates a nonperturbative ambiguity in the definition of the function that cannot be understood properly without some extra input.
The explicit sum that arises in (1.4) gives,
Equation (5.10) can be formally written as
which has the form of an inverse Borel transform (5.9) witht = πY t for fixed values of m and n.
An obvious feature of the t integration is that it is divergent due to the singularity at t = 2N which is indicative of a breakdown of Borel summability of the α ′ series. Such a singularity is well known in many contexts [19] , for example in considering the sum of Feynman diagrams in Yang-Mills field theory as well as the sum of string theory loop diagrams [20, 21] . Indeed, a divergence of this type was used to predict the presence of nonperturbative contributions in string theory [21] that were later described in terms of D-branes [22] . In the present casev the t singularity is a symptom of the presence of contributions that are nonperturbative in α ′ that are not included in the α ′ /L 2 expansion.
Tree contributions
We may analyze the series more concretely by first considering the sum of the leading order terms in the limit of weak coupling (large τ 2 ). This is equivalent to summing all contributions to the four-graviton amplitude arising from string tree-level contributions in the AdS 5 × S 5 background. Substituting for Y from (5.11) the dominant terms in the weak coupling limit that contribute to the sum in (5.12) are those with n = 0, which gives
This has the form of a Borel integral in which the Borel parameter ist = πm 2 t/τ 2 . The sum of powers of 1/N (5.1) in the N → ∞ limit can be recovered if the singularity in t is simply ignored by, for example, arbitrarily cutting off the t integral at a value t ∼ N . Then, use of Stirling's approximation for the gamma functions (5.13) reproduces the series of tree-level terms (5.1) with c l given by (5.6).
However, the presence of the singularity in H s BOREL at t = 2N makes the expression ill-defined. Following the usual folklore [19] this singularity indicates a leading nonperturbative contribution proportional to 14) which is obtained by setting t = 2N in the integrand of (5.13). Terms with this general behaviour should arise in R 1 , the nonperturbative completion of the tree-level term in the 1/N expansion. The singularities with m > 1 are exponentially suppressed compared to the leading, m = 1, singularity when λ is large. It is risky to read too much into the sum over the nonleading singularities with m > 1. However, if the sum over m is taken seriously a Poisson resummation converts it into a series of terms of the form e −πm 2 /2λ , which is appropriate for a contribution to R 0 , the nonperturbative part of the weak coupling expansion of H Y M 0 . The preceding discussion does not, by itself, lead to an understanding of the detailed mechanism that moderates the singular t integral. It is disappointing that the expression (5.14) is not obviously associated with an identifiable geometrical effect such as a wrapped p-brane. For example, a factor of the form (5.14) could arise from a Euclidean D3-brane wrapped around a sphere of radius ∼ g 1/4 L but there is no BPS configuration of this type.
Loop and instanton contributions
The sum of the nonleading contributions in (5.12) is obtained by setting n = 0 and performing a Poisson resummation over m, which gives,
The phase of each term of this expression e 2πiKτ 1 characterizes the charge-K instanton terms (where K =mn).
The K = 0 (m = 0) term contains the sum over the one-loop contributions which has the form
As before, the power series in 1/N (5.2) is reproduced if the integral is cut off at t ∼ N . The singularity of the integral indicates a nonperturbative contribution of the form e −2πN/g , but this is exponentially suppressed relative to (5.14) and is therefore subleading.
Even though the charge-K D-instanton contributions are exponentially suppressed in the large N limit when λ is fixed they are uniquely characterized by the phase factor e 2πiKτ 1 and so they can be isolated by substituting (5.15) in (5.12) and picking out the K'th Fourier mode with respect to τ 1 . The resultant contribution to H Y M has the form 17) where K =mn. Once again, excluding the t singularity in an arbitrary manner and expanding the integrand for large N leads to the expected charge-K instanton terms associated with the Bessel function K l (2πτ 2 |K|). In particular, the leading weak coupling (large τ 2 ) behaviour is dominated by the saddle point at 18) and gives the overall factor e −2π|K|τ 2 that is associated with the leading asymptotic behaviour of the Bessel function and governs the leading τ 2 -dependence of the instanton terms in (5.3) .
The presence of the singularity in the integrand at t = t sing = 2N can again be taken as an indication of the presence of contributions that are nonperturbative in α ′ and proportional to the exponential factor, Unlike the nonperturbative contribution implied by the tree-level terms, (5.14), this factor is suppressed at small coupling. In order for the asymptotic series of leading instanton contributions (5.3) to have any validity it is evident that the saddle point t saddle must be at a smaller value of t than the singularity t sing , which implies |K| < 2N (5.21) so that the ill-determined nonperturbative contribution (5.20) is exponentially smaller than the charge-K instanton contribution. But when |K| ∼ 2N the contribution associated with the singularity at t = t sing is as important as the instanton term, which means that the expression (5.3) cannot be trusted at values of |K| ∼ 2N , where the series diverges. In other words, so long as |K| < 2N the series of instanton terms, (5.3), can be formally written (using (5.5) and (5.6)) as, 22) where the measureμ(K, N ) is defined bŷ
for |K| << N . However, the nonperturbative effects invalidate this expression close to the leading singularity at |K| = 2N . Since the exact expression for the leading contribution of K Yang-Mills instantons in SU (N ) is calculable (in principle) for any K and N and cannot be singular, effects embodied in terms such as (5.19) must be crucial for resolving the singularity in (5.23).
Comments
We have investigated the possibility that the α ′ /L 2 expansion of the scalar field dependence of the the part of the four-graviton amplitude that arises from the linearization of the R 4 term in type IIB superstring theory in AdS 5 × S 5 is given by a simple SL(2, Z Z)-invariant ansatz. The coefficients of the α ′ /L 2 expansion, H s l , were taken to be those generated by summing over SL(2, Z Z) transformations of the tree-level terms, which is known to be the correct prescription for the leading (1/α ′ ) term and is also in accord with the conjectured form of a class of higher-derivative interactions in the IIB effective action. This led to explicit expressions for all terms in the α ′ /L 2 expansion of the string theory and hence in the 1/N expansion of the boundary Yang-Mills theory. Furthermore, the explicit form of the contribution of a single Yang-Mills instanton, which is known exactly for all N , was used to fix the relative coefficients of the terms in these series'.
A positive feature of this rather speculative ansatz is that it is straightforward to check some of its consequences. For example, it makes specific predictions for the coefficients of charge-K Yang-Mills instantons to leading order in the coupling constant and in the |K| << N limit. The α ′ −1 contribution to was contained in [10] and agrees with the l = 1 term in (5.3), but (5.3) also predicts all the nonleading terms in the α ′ expansion. Thus, using (5.6) and (5.5) it is easy to check that the ratio of the second term to the first term in ( a result that should be testable by extending the expression for the K-instanton contribution of large-N Yang-Mills [10] to include the first nonleading terms in the 1/N expansion. An interesting question is how to complete the definition of the K-instanton measure, µ(K, N ), which was formally defined by the power series (5.23). The leading contribution toμ in the large-N limit with |K| << N is proportional to µ(K, 1), which is the partition function of the SU (K) zero-dimensional matrix model [28, 29, 30, 31] that describes D-instantons. This suggests that the full finite-N expression should correspond to some generalized matrix model that builds in the the exact dependence on both K and N . This might be constrained by some exact symmetry that interchanges N and K analogous to Nahm duality which is a symmetry of K instantons in SU (N ) Yang-Mills theory compactified on a four-torus.
However, several of the most intriguing issues raised in this paper are also puzzling and might cast doubt on the ansatz. For example, evidence was found that the α ′ /L 2 series diverges and is not Borel summable. This suggests the presence of nonperturbative effects which are reflected in the Yang-Mills theory by terms that are nonperturbative in the inverse 't Hooft coupling λ −1 . These arise in the coefficients, H k (λ), of the 1/N 2k terms in the large-N expansion and are of order e −const. λ when λ is large. Such effects play a vital role in the continuation from λ >> 1 to λ << 1. In supersymmetric quantum field theory nonperturbative effects of this type are often associated with instantons, although this is by no means always true. In the present case the expression (5.14) is suggestive of a wrapped euclidean D3-brane, but there is no obvious geometrical origin for such a contribution since there are no appropriate supersymmetric four-cycles.
Another puzzle concerns the contribution of conventional instanton effects (of order e −2π|K|N/λ ) which were found to change in a qualitative manner when |K| ∼ N , as indicated by the singularity ofμ(K, N ) at |K| = 2N . This is in accord with intuition that the correspondence between Yang-Mills instantons and D-instantons is only simple when the dominant configurations are those where the Yang-Mills instantons are in commuting SU (2) subgroups of SU (N ). However, the puzzle is that the change over in the instanton behaviour in (5.22) occurs when |K| = 2N rather than the expected value of |K| = N/2.
These puzzles either indicate interesting features of the finite-N theory or else they indicate inconsistencies that invalidate the ansatz in its simplest form, (1.5). In the latter case, they could nevertheless be useful in pointing to further contributions to the protected four-graviton amplitude in AdS 5 × S 5 that may be necessary in order to avoid these inconsistencies. In any case, the real challenge is to further understand the nonperturbative completion of H s which should be a significant feature of IIB string amplitudes in the AdS 5 × S 5 background.
